We present a unified universal quantum cloning machine, which combines several different existing universal cloning machines together including the asymmetric case. In this unified framework, the identical pure states are projected equally into each copy initially constituted by input and one half of the maximally entangled states. We show explicitly that the output states of those universal cloning machines are the same. One importance of this unified cloning machine is that the cloning procession is always the symmetric projection which reduces dramatically the difficulties for implementation. Also it is found that this unified cloning machine can be directly modified to the general asymmetric case. Besides the global fidelity and the single-copy fidelity, we also present all possible arbitrarycopy fidelities. 
We present a unified universal quantum cloning machine, which combines several different existing universal cloning machines together including the asymmetric case. In this unified framework, the identical pure states are projected equally into each copy initially constituted by input and one half of the maximally entangled states. We show explicitly that the output states of those universal cloning machines are the same. One importance of this unified cloning machine is that the cloning procession is always the symmetric projection which reduces dramatically the difficulties for implementation. Also it is found that this unified cloning machine can be directly modified to the general asymmetric case. Besides the global fidelity and the single-copy fidelity, we also present all possible arbitrarycopy fidelities. Introduction.-No-cloning theorem is fundamental for quantum mechanics and quantum information science that states an unknown quantum state can not be cloned perfectly [1] . However, we can try to clone a quantum state approximately with the optimal quality [2] , or instead, we can try to clone it perfectly with the largest probability [3] . So various quantum cloning machines have been designed for different quantum information tasks [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Experimentally, quantum cloning machines have been realized in optics system [19] [20] [21] [22] , nuclear magnetic resonance system [23, 24] , diamond nitrogenvacancy center system [25] , etc.
The universal quantum cloning machine is first proposed by Bužek and Hillery [2] which can copy optimally one arbitrary qubit equally well to two copies. Later more general cases have been studied, see Ref. [17] for a review. So far there exists two universal quantum cloning machines which can clone N identical d-level pure quantum states to M copies, M ≥ N . One is proposed by Werner in Ref. [5] , and the other is proposed by Fan et al. in Ref. [7] . Both have advantages from different points of view. Also we know some limited cases of asymmetric cloning [14] . It seems that all those cloning machines are quite different and no simple connection exists. In this Letter, we will present a simple and unified cloning transformation which combines all those cloning machines together. In the framework of the unified quantum cloning, the identical pure states are projected equally into each copy where the output is initially constituted by input and one half of the maximally entangled states, the left half of the maximally entangled states act as the ancillary states. We will show explicitly that the density operators from those cloning machines are the same. Since the symmet-ric operator is constituted by SWAP gates, the quantum circuit corresponding to this unified cloning machine can thus be designed accordingly. Also importantly, this unified universal cloning machine can be easily modified to the general asymmetric case. As we know, only a few limited results of asymmetric cloning are known while the general case is still absent.
The optimality of the cloning machine is judged generally by whether the obtained fidelity of the cloning output state achieves its optimal bound. So far the optimal global fidelity and single-copy fidelity have already been obtained [5, 13] . It is, however, necessary to find optimal general-copy fidelities since it is possible that different optimal fidelities give different criteria, as happened in phase-covariant cloning machine [26] . With the unified and optimal universal cloning machine, we will present all possible arbitrary-copy fidelities so that the optimality of the cloning machine can be quantified from different aspects.
Equivalence of two universal quantum cloning machines.-For a pure state, |ϕ = j x j |j , in ddimensional Hilbert space H with density operator σ ≡ |ϕ ϕ|, d=dimH, j |x j | 2 = 1, we refer it to a qudit. The N → M Werner cloning machine is presented as [5] ,
where In Werner cloning machine, the information of the in-put is equally projected to each copy. The initial M − N identities are also understandable since the assumption of the universal cloning machine is that the input state is arbitrary thus a completely mixed state, I/d, should be a suitable candidate before the cloning procession is applied. Following Bužek-Hillery 1 → 2 universal cloning machine for qubit [2] and qudit [6] , the N → M for qubit by Gisin and Massar [4] , Fan et al. proposed the following transformation for qudit case [7] , see Fig.1 ,
where | n is the input state, U denotes unitary transformation, R in l.h.s. denotes blank state and the initial ancillary state, R k is the ancillary state which can be realized also by symmetric state | k , the whole normalization factor takes the form,
Here, the summation is also assumed to run all possible values under the constraint k j = M − N . For N identical pure states |ϕ , the input takes the form,
we can apply Eq. (2), trace out the ancillary states and thus obtain the output density operator. Similarly as for qubit case in theory [8] and in experiment [19] , this cloning machine might naturally be realized by light emission from multilevel atomic system [9] . Typically, two different figures of merit are applied for the universal cloning machines. One is the global fidelity between the whole output density operator ρ out and the ideal output |ϕ ⊗M with perfect M copies,
The other is the single-copy fidelity defined between an individual output density operator and a single input pure state, F 1 = ϕ|ρ out 1 |ϕ , where each individual output density operator ρ out 1 is the same for all M copies. It is shown that those two fidelities for Werner cloning machine and for cloning machine in (2) are the same. Yet the similarity of the output density operators is necessary. Next, explicitly we shall show the output state of M copies from the two cloning machines are the same.
First, we can find that the symmetric state | m of M qudits can be divided into two parts with N qudits and M − N qudits, respectively,
The symmetric projector s M can thus be reformulated by this splitting, then with the help of the expansion FIG. 1 : Generally, the input of the cloning machines are identical pure input states, blank states and initial ancilla, the cloning is realized by unitary transformation.
(3), substituting σ ⊗N into (1), by some calculations, the output density operator of Werner cloning machine takes the form,
where we have already used l| l ′ = δ l l ′ . For the second cloning machine (2), substituting the result of (3) into (2) and tracing out the ancillary states, simply the output state is written as
Considering we have the constraint k j = M − N , apparently, the output states from two universal quantum cloning machines are the same, ρ out = ρ ′ out . Unified universal quantum cloning machine.-Stimulated by the fact that the two existing universal cloning machines are the same, we may try further to explore the possibility to unify the two cloning machines together. For N identical pure states, we propose the N → M universal cloning machine as the following,
where
j |jj is a maximally entangled state in H ⊗ H, λ is the normalization factor. Here operator s M acts on the N identical pure input states and half of the M − N maximally entangled states, the left half of the maximally entangled states are the ancillary states, see Fig.2 .
Next we will show that this cloning transformation is the same as (2). We consider a property of the symmetric 
where an unimportant whole factor is omitted, and some other unimportant whole factors will also be omitted later without specification. Note that the entanglement cutting is unchanged here. Since quantum mechanics is linear, so we just consider the input state be a symmetric state for (7), with the help of the result in (8), we can find the unified cloning machine (7) can be rewritten as the form
where the splitting relation (4) is used in the last equation. Thus considering that the last M − N qudits are ancillary states, the universal cloning transformation (2) is re-obtained by the unified cloning transformation (7). Also (7) can be considered to be an equivalent form of Werner cloning machine since by taking trace over the last M − N qudits where each maximally entangled state will provide an identity on H, we will re-obtain Werner cloning machine (1) . We remark that the unified cloning machine (7) can be easily understood, which is a property inherited from Werner cloning machine, and it has also the explicit transformations as those in, such as Refs. [2, 4, 6, 7] .
General fidelities.-The merit of the cloning machine is generally quantified by fidelity between input and output, the global fidelity and single-copy fidelity are presently known. As we mentioned, it is also necessary to have all possible arbitrary-copy fidelities to offer a full description of the merit of universal cloning machine. With output density operator ρ out available, we can find the reduced density operators of L qudits, ρ
We remark that all reduced density operators of L qudits at different positions are the same which is ensured by the fact that the output is in symmetric subspace H ⊗M + . By straightforward but tedious calculations, we find,
where m 1 is one entry of the vector m, here we have considered the property that the output state ρ out is covariant for the cloning transformation, i.e., ρ out is changed as u ⊗M ρ out u †⊗M when |ϕ is changed as u|ϕ [5] . For L = 1, L = M , we recover the known results [5, 13] .
, and
For special case N = 1, the general fidelity (10) can be simplified as,
Here we have used the identity:
The proof of this identity is mainly based on a permutation and combination equation [28] . Extension of the unified cloning machine to asymmetric case and examples.-As an example, let us consider the 1 to 2 cloning machine for qudit and qubit. The symmetric projector takes the form s 2 = |jj jj| + 1 2 j =l (|jl + |lj )( jl| + lj|). Up to a whole factor, the unified cloning machine can be written as,
where states with subindex a is the ancilla. Really this is the optimal universal cloning machine presented in Ref. [6] . For qubit case, we have the well known Bužek-Hillery cloning machine,
As we already know, besides the case of symmetric output, we can adjust the qualities of the individual output states in an imbalanced way. This is realized by the asymmetric cloning machine [14] . For 1 to 2 unified cloning machine, where projection s 2 is used, we know that, s 2 can be written as a summation of identity and a permutation, s 2 = 1 2 I ⊗2 + P , where P is the permutation (SWAP) operator, P|jl = |lj . We can then consider to adjust the weights of identity and permutation in an imbalanced way. Naturally, we can change symmetric projector to asymmetric case as, s 2 → αI ⊗2 + βP, where α and β are weights for adjusting. The corresponding asymmetric unified cloning machine is now changing as,
note the orders of the subindices in these two terms are different, also those two terms are not orthogonal. The problem now is whether this cloning procession is optimal. We know that, |ϕ 2 |Φ
, where U jl are generalized Pauli matrices and identity, |Φ jl 2a are orthonormal maximally entangled states with |Φ 00 = |Φ + . Now exactly, we find that (13) is the optimal asymmetric cloning proposed by Cerf [14, 15] .
So far only limited cases of the asymmetric cloning machine have been presented [14] [15] [16] . The general asymmetric cloning is still absent possibly because that the formulae are too complicated to be extended. Here similar as for the case of 1 to 2, the unified cloning machine can be adjusted to the general asymmetric cloning machine and the related entanglement sharing inequalities [27] . The method is to plug into a weight for each essential permutation to modify the symmetric operator s M in (7), the problem is like to put N balls into M boxes with a weight for each choice. Thus we offer a simple realization of the asymmetric cloning. When all weights are equal, it reduces to the symmetric case.
Conclusions.-We present a unified optimal universal cloning machine. The cloning procession is equivalent with Werner cloning machine [5] and the one proposed by Fan et al. [7] and can be easily adjusted to asymmetric cloning machines [14] [15] [16] 27] and to the general case. This simple cloning machine is always realized by a symmetric projection and initially prepared maximally entangled states and thus should reduce the difficulties for implementation. Also the general fidelities are obtained. Our result offers a new platform for other cloning tasks for cases like phase-covariant and state-dependent. This work is supported by NSFC (10974247, 
